The differential transform method and Herrera's complex integral method are shown to be related through the Taylor-Cauchy transform, which appears as a genuine fore-runner of both methods. A short discussion of this result is provided.
Introduction
In this short note we examine the basis and relationship between the differential transform method [8] [9] [10] [11] [12] 20 ] and Herrera's complex integral method [2] for solving differential equations. As noted by Bervillier [1] , there has been, already, a certain amount of controversy as to the status of the differential transform method vis a vis the Taylor series method for solving differential equations. Here we will show that there is a single unifying approach to such methods, with the underlying approach linking directly to the complex integral method and the differential transform method appearing as a special case of this underlying method. For the sake of argument, we take Bervillier's critical analysis [1] as a basic starting point and fundamental background on the topic of the differential transform method; Bervillier's paper contains a thorough analysis of the method
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and 161 references to the original literature on the subject, which is quite enough to be going on with for now. In the case of the Herrera complex integral method, and its first cousin the Taylor-Cauchy transform method discussed below [5, 19] , the literature is more compact and we leave it at that.
The Taylor-Cauchy Transform
The underlying link between the differential transform method and the complex integral method is based on the so-called Taylor-Cauchy transform [5, 19] . The basis of the Taylor-Cauchy transform is the assumption that the kth-order derivative ) (
is analytic in that it has a Taylor series expansion
with non-zero radius of convergence about a fixed point , 0 z with the expansion coefficients
, determined by the complex integral (
In (2.2), the closed contour C encircles the point 0 z and defines the domain of definition of ) (z f [5, 19] . Specifically, the Taylor-Cauchy transform is defined by the pair of equations (2.1) and (2.2) [5, 19] ; the operational properties and the conditions on the transform pair (2.1) and (2.2) are discussed in detail in [5] and [19] .
The Connections
Suppose we consider first the relationship between the Taylor-Cauchy transform, (2.1) and (2.2), and the differential transform method. The point we make is quite straightforward: if we set 0  k in (2.1) and (2.2), we get
Some remarks on the differential transform method 105 when (3.1) and (3.2) are the defining relations of the (basic) differential transform method [1, [8] [9] [10] [11] [12] 20] .
Next, to establish the relationship between the Taylor-Cauchy transform and the complex integral method, we note that the complex integral method assumes [2] the series expansion
where
Now, if we differentiate (3.3) k times and shift the dummy index, we find that and we have regained the Taylor-Cauchy transform pair.
So, we can obtain the Taylor-Cauchy transform from the complex integral method and the differential transform method as a special case of the TaylorCauchy transform. Actually, we can run our last argument backwards and rewrite (2.1) as (using (3.5))
so that, from (3.7) and (3.8) .9) and we get the complex integral method from the Taylor-Cauchy transform. Of course, all of the results and properties of the Taylor-Cauchy transform now transfer across to the complex integral method (as do the corresponding results and properties of the differential transform method).
Discussion
From the above considerations, it is certainly clear, as Bervillier put it ([1], abstract): 'It is concluded that, for the sake of clarity, when the DTM [differential transform method] is applied to ODEs, it should be mentioned that the DTM coincides with the traditional Taylor method exactly, contrary to what is currently written.' This is surely evident from (3.1) and (3.2) .
Thus far, we have only discussed the original or 'basic, methodologies. To tackle different classes of differential equation, it has been necessary to develop the basic methods by building on or generalizing the formalisms described above and so it is necessary to say a few words about such generalizations. As Bervillier again points out [1] , the differential transform method has played a crucial role, as it has been developed, in the solution of wider and wider classes of differential equations, even fractional differential equations. Such generalizations are mirrored in the development of the complex integral method [13] [14] [15] [16] [17] . For example in reference [15] the complex integral method is extended to the solution of partial differential equations including systems of equations and Frobenius series solutions of partial differential equations. Once again, though, a generalization of the Taylor-Cauchy transform pair to the Laurent-Cauchy transform pair is a pioneer in such matters [6, 19] ; the operational properties and the conditions on the Laurent-Cauchy transform pair are discussed in detail in [6] and [19] .
The further development of the complex integral method to the solution of fractional differential equations has probably, in principle, been achieved already [4, 7, 18] as the Caputo fractional derivative [3] is intimately related to the Cauchy integral theorem, on which all of the above methodologies are explicitly or implicitly constructed. Interestingly, the Taylor-Cauchy transform [5, 19] the differential transform [8] [9] [10] [11] [12] 20] and the complex integral method [2] were all developed as techniques for the solution of nonlinear differential equations. However, as has been shown in, for example [13] [14] [15] [16] [17] , such methods have exceptional efficacy in the solution of linear differential equations also.
